Collective tunneling transitions take place in the case that a system has two nearly degenerate ground states with a slight energy splitting, which provides the time scale of the tunneling. The Liouville equation determines the evolution of the density matrix, while the Schrödinger equation determines that of a state. The Liouville equation seems to be more powerful for calculating accurately the energy splitting of two nearly degenerate eigenstates. However, no method to exactly solve the Liouville eigenvalue equation has been established. The usual projection operator method for the Liouville equation is not feasible. We analytically solve the Liouville evolution equation for nuclear collective tunneling from one Hartree minimum to another, proposing a simple and solvable model Hamiltonian for the transition. We derive an analytical expression for the splitting of energy eigenvalues from a spectral function of the Liouville evolution using a half-projected operator method. A full-order analytical expression for the energy splitting is obtained. We define the collective tunneling path of a microscopic Hamiltonian for collective tunneling, projecting the nuclear ground states onto n-particle n-hole state spaces. It is argued that the collective tunneling path sector of a microscopic Hamiltonian can be transformed into the present solvable model Hamiltonian. §1. Introduction
§1. Introduction
The evolution of a state in a many-body system can be formulated in either Schrödinger picture or the Heisenberg picture. The evolution of the Heisenberg operator for a density matrix is given by the Liouville equation. The Liouville evolution function has an analyticity that differs from the Schrödinger evolution function, because the Liouville eigenvalue equation yields the splitting of two energy eigenvalues, while Schrödinger equation yields each of the energy eigenvalues. However, no method to exactly solve the Liouville evolution equation for a given Hamiltonian has yet been established. With regard to the splitting of two nearly degenerate energy eigenvalues in the context of collective tunneling transitions, we obtain an expression for the energy splitting from the analytical structure of the spectral function for the Liouville evolution employing the projection operator method. The projection operator method for the Liouville equation is powerful for the purpose of analyzing the evolution of a density matrix.
The projection operator method for the Liouville equation has been extensively applied to analyze the evolution of many-body systems. 1) The evolution of a system expressed in terms of time convolution is usually formulated to second order in the perturbation Hamiltonian. 2) When the second order calculation does not yield a reasonable result, however, it is necessary to develop an exact expression. In particular, it is necessary to take into account higher-order contributions in a formulation for large amplitude collective motion, for example, collective tunneling. 3) The collective tunneling transition from one Hartree minimum to another is an interesting problem in nuclear physics with applications to fusion and fission. The time scale of collective tunneling is of the order of the inverse of the slight energy splitting of nearly degenerate nuclear ground states. It is generally difficult to calculate precisely the slight energy splitting of nearly degenerate nuclear states. The WKB method, using imaginary time, is usually used for the calculation. 4) In a previous paper 5) we have showed that the WKB calculation is not as accurate as the perturbation calculation when applied to the case of degenerate unperturbed states.
Some symmetries are broken in a Hartree state. The residual interactions which recover the symmetries cause the nuclear system to make a transition from one Hartree state to another. 5) The Hartree states are not eigenstates of the nuclear Hamiltonian but rather are mixed states. In other words, the eigenstates of the Hamiltonian are mixed states of Hartree states. A nucleus in a quasistable Hartree state starts to make a transition to another Hartree state with eigenstates of the Hamiltonian being mixed. The Liouville equation is advantageous to formulate the evolution of a mixed state in the projection operator method.
A finite system might undergo collective tunneling transitions along several paths of collective coordinates. Even in the hopping process along one collective path, 3) the quantum system proceeds back and forth on the path. We aim to take into account the effect of these various processes, diagonalizing the Hamiltonian in the space of intermediate states. In § §2-5, we formulate the collective tunneling evolution of a finite nuclear system, expressing it with a simple and solvable model Hamiltonian using the projection operator method. The present simple and solvable model Hamiltonian expresses the typical features of collective tunneling that proceeds along multiple paths. Here we divide the space of unperturbed nuclear Slater states into P and Q spaces. The initial and final Hartree states constitute the P space, and the other unperturbed states, taking part intermediately in the collective tunneling, are in the Q space. Thus the present Hamiltonian for collective tunneling is assumed to be simply diagonal in the P and Q spaces. While the Schrödinger evolution equation for the Hamiltonian projected onto the P space is analytically solvable, the projected Liouville evolution equation is not solvable. We show that a half-projected Liouville evolution equation provides a full order expression for the evolution of a density matrix, which leads to an exact expression for the energy splitting of nearly degenerate nuclear ground states in a second order form in the interaction Hamiltonian, while higher orders are retained in appropriate energy denominators. The transition probability for collective tunneling is expressed in terms of all the energy splittings of nuclear eigenstates. The gross structure of the collective tunneling evolution is, however, determined by the nearly degenerate nuclear ground states. 5) In §6, for an improved microscopic Hamiltonian of collective tunneling, we define a tunneling path of collective coordinates for the nuclear collective tunneling transition. Projecting the nearly degenerate nuclear ground states onto the n-particle n-hole state space, we define collective n-particle n-hole states. The nuclear system undergoes a collective tunneling transition along the tunneling path through the thus defined collective 2n-particle 2n-hole states. The collective tunneling path sector of a microscopic Hamiltonian for collective tunneling can be transformed into the present solvable model Hamiltonian. We numerically calculate the energy splitting of nearly degenerate nuclear ground states, transforming the Hamiltonian that we used for nuclear collective tunneling transitions from one Hartree state to another in the previous paper 5) into the present solvable model Hamiltonian, as an example.
In §7, discussion and conclusion are given. §2. Energy splitting of nearly degenerate ground states
To demonstrate the present method for accurately calculating the splitting of energy eigenvalues, we adopt a simple model Hamiltonian for collective tunneling in a finite system. The Schrödinger and Liouville equations for this Hamiltonian are analytically solvable. In §6, we show that the collective tunneling path sector of a general microscopic Hamiltonian for collective tunneling may be transformed into the present solvable model Hamiltonian. We assume that the present system has a pair of degenerate lowest-lying unperturbed states Ψ (0) and Ψ (N ), which are assumed to be the initial and final states, respectively, of the collective tunneling transition. These states are assigned as the states Ψ (n) in the P space with the degenerate unperturbed energy ε 0 = ε N . The collective tunneling proceeds along multiple paths through one of the unperturbed excited states Ψ (m) with m = 1, 2, · · · , N − 1. The space of the unperturbed excited states Ψ (m) with unperturbed energies ε m greater than ε 0 = ε N , forming a potential barrier for tunneling, is called the Q space. The unperturbed states Ψ (m) in the Q space are simply assumed to diagonalize the Hamiltonian H in the Q space and to couple with the two states Ψ (n) in the P space. Therefore, the Hamiltonian is written
1)
3)
with the symmetries 5) where the double summations in H I are carried over n with 0 and N and over m from 1 to N − 1.
The Hamiltonian H is diagonal in each of the P and Q spaces:
Therefore the Schrödinger evolution equation is analytically solvable for the Hamiltonian H, as is seen in the following section. The interaction H I , which couples a nuclear state Ψ (n) in the P space to states Ψ (m) in the Q space, splits the degenerate unperturbed energies for the states Ψ (0) and Ψ (N ).
The Hamiltonian H is expressed with respect to the basis states Ψ (n) and Ψ (m) as the matrix
with ε 0 = ε N . The secular equation for the Hamiltonian H in terms of the eigenvalue E leads to
where we can omit the condition m = m in the double summations over m and m in the last two terms, because the terms with m = m in the two summations cancel each other. Therefore we have
Since the Hamiltonian is symmetric, as in Eq. (2·5), (i.e., h 0m = (−1) m h Nm ), we modify the above equation as
The above secular equation with the degenerate unperturbed energies ε N = ε 0 leads to
Therefore, Denoting the lowest energy eigenvalue E for the + and − cases in the above energy eigenvalue equation as E + and E − , respectively, the splitting of these lowest energy eigenvalues can be analytically expressed as
This is an exact relation for the energy splitting of the two nearly degenerate nuclear ground states for the Hamiltonian H in Eq. (2·1). We will derive this expression using the projection operator method in the following sections by considering the evolution of states. We remark that the above exact expression for the energy splitting of the two nearly degenerate ground states is characterized by a second order form in the interaction Hamiltonian H I , while higher orders are retained in the denominators in the eigenenergies E − and E + . The two lowest-lying eigenstates Ψ ∓ of the Hamiltonian H with the energies E ∓ ,
are the ground states with odd and even symmetry, respectively, with respect to the unperturbed components Ψ (0) and Ψ (N ). §3. Projection operator method for the Schrödinger evolution equation
In this section, we formulate the time evolution of Schrödinger wave functions for the Hamiltonian in Eq. (2·1) employing the projection operator method and obtain the above exact expression for the energy splitting of the two nearly degenerate ground states from the spectral function for the evolution of the lowest-lying unperturbed state Ψ (0). In the following section, the projection operator method is applied to the Liouville evolution equation, which is not analytically solvable in the ordinary projection operator method. We will show that a half-projected Liouville equation determines the exact evolution of the density matrix, which leads to an exact expression for the energy splitting of the nearly degenerate ground states.
Let us assume that the nuclear system is initially in one of the two degenerate lowest-lying unperturbed states, Ψ (0), at time t = 0. The solution of the Schrödinger evolution equation
is then given by
The evolution operator e −iHt satisfies the equation
The transition amplitude to a nuclear state Ψ (m) at time t is expressed in terms of the eigenstates Ψ k and their eigenenergies E k of the secular equation
where all the eigenstates Ψ k contribute to the transition amplitude. The nuclear state at time t may be expanded in terms of the unperturbed states Ψ (m) as 6) with the coefficients
This equation can be evaluated using Eq. (3·5). The transition probability to an unperturbed state Ψ (m) is
In order to make a spectral analysis of the transition amplitude in Eq. (3·5), we define the projection operators P and Q onto the P and Q spaces, respectively, as
The present Hamiltonian H in Eq. (2·1) is diagonal in each of the P and Q spaces, as in Eqs. (2·6) and (2·7):
The Hamiltonian H 0 does not couple a state Ψ (n) in the P space to any states Ψ (m) in the Q space but H I does, so that 
Since QHQ is diagonal in the basis states Ψ (m) with diagonal matrix elements ε m , as is shown in Eq. (3·15), it is feasible to obtain an analytical solution of the above inhomogeneous linear equation for the operator Q m e −iHt :
Similarly, the equation (3·18) projected onto the P n subspace in Eq. (3·12) is
whose analytical solution is
Substituting the solution of Q m e −iHt in Eq. (3·21) into Eq. (3·23), we obtain the following equation for the time evolution operator projected onto P n :
Multiplying both sides of the above equation by the projection operator P n , we obtain
The second term on the right-hand side of Eq. (3·24) vanishes in the nuclear transition between states in the P space. Multiplying the two sides of the above operator equation by the unperturbed states Ψ (n) and Ψ (n ) in the P space, we obtain an equation for the transition matrix Ψ (n)|e −iHt |Ψ (n ) from the state Ψ (n ) to Ψ (n) in the projection operator method for Schrödinger equation,
The transition matrices Ψ (n)|e −iHt |Ψ (n ) can be exactly determined from the above coupled integral equations. The Laplace transform of the above evolution equation is the spectral function matrix,
which satisfies the relation
The poles s of the spectral function matrix F (s) are determined by the determinant equation of a 2 by 2 matrix with the eigenenergies E = −is,
. This expression is an exact energy eigenvalue equation derived from the Schrödinger equation projected onto the P space, and it is identical to the exact secular equation (2·10) for the Hamiltonian H in Eq. (2·1). In the Schrödinger expression, in contrast to the Liouville expression which is discussed in the following section, the evolution equation projected onto the Q space in Eq. (3·20) is analytically solvable, so that the solution in Eq. (3·21) can be expressed in terms of the eigenvalues ε m of QHQ, which is diagonal. §4. Projection operator method for Liouville evolution equation
In this section, we formulate the time evolution of a density matrix using the Liouville equation to derive an analytical expression for the energy splitting of the nearly degenerate ground states of the Hamiltonian H in Eq. (2·1). Even for a Hamiltonian H for which QHQ is diagonal, as in Eq. (3·15), we will show that QLQ is not diagonal for the Liouvillian L. For this reason, a fully projected Liouville equation is not analytically solvable even for a simple Hamiltonian, in contrast to the solvable projected Schrödinger equations in Eqs. (3·18)-(3·19). However, we show that a half-projected Liouville evolution equation yields the exact time evolution of the density matrix. While in §4.1 we expand the evolution operator in terms of the interaction Liouvillian, because of the nondiagonal nature of QLQ, in §4.2, we derive the exact evolution of the density matrix, which leads to an exact expression for the energy splitting of the nearly degenerate ground states.
Second-order approximation
The Heisenberg operator
satisfies the time evolution equation
with the Liouvillian L defined as
The solution A(t) of the evolution equation (4·2) may be expressed as
The time evolution operator e iLt satisfies the equation
If an operator A(0) satisfies the eigenequation for the Liouvillian L,
the evolution of the operator is given by
For example, a density matrix operator A(0) = |Ψ k Ψ k | for two eigenstates Ψ k and Ψ k of the Hamiltonian H,
is an eigenstate of the Liouvillian L:
The eigenvalue E k − E k of L is the energy splitting of the two eigenstates Ψ k and
This relation is used in the next subsection to obtain an exact expression for the evolution of the density matrix. For the purpose of deriving an expression for the energy splitting of two nearly degenerate ground states using the projected Liouville equations, we define the projection operators P and Q to project Heisenberg operators onto the P and Q spaces as
where
The interaction Hamiltonian H I in Eq. (2·3) does not couple a state Ψ (n) with any states in the P space, so that
with the Liouvillian L 0 corresponding to H 0 . Therefore P LP is diagonal:
The Hamiltonian H 0 in Eq. (2·2) does not couple a state Ψ (n) in the P space with any states Ψ (m) in the Q space, so that
with the Liouvillian L I corresponding to H I . Since Q nm LQ m m = 0 and so on, the operator QLQ is not diagonal for the Hamiltonian H in Eq. (2·1), in contrast to the diagonal QHQ, as in Eq. (3·15). This nondiagonality of QLQ makes it more difficult to solve the projected Liouville equations than the projected Schrödinger equations, as we see below.
We multiply both sides of the evolution operator equation by the projection operators P and Q:
The solutions of the above inhomogeneous linear equations for the operators e iLt P and e iLt Q are 2) 4·24), we obtain the relation
for the time evolution operator multiplied by the projection operator P . When we project both sides of the above equation onto the P space, the second term on the right-hand side vanishes for transitions between states in the P space. We obtain the equation for the evolution operator projected onto the P space on both sides of the evolution operator, which is hereafter called "a fully projected evolution operator":
Now, we recall that the operator QLQ in Eq. (4·23) is not diagonal for the Hamiltonian H in Eq. (2·1), in contrast to the diagonal QHQ in the projected Schrödinger equation (3·19). Therefore, the above operator equation is not analytically solvable, and we expand the evolution operator e iQLQ(t 1 −t 2 ) in the above equation in terms of
If we take only the first term on the right-hand side of the above expansion, Eq. (4·27) leads to an expression that is second order in the interaction Liouvillian L I :
Here, P L 0 P and QL 0 Q are diagonal, so that they can be expressed by c-numbers. In order to obtain the second order expression for the energy splitting, we formulate the time evolution of the density matrix operator A(0) = |Ψ o Ψ e | for the states in the P space, where 
where the states Ψ (m o ) and Ψ (m e ) have odd and even symmetry, respectively, with respect to Ψ (0) and Ψ (N ).
Operating with the operator Tr|Ψ e Ψ o | on both sides of the above equation, we take the Laplace transform of the equation. Then, we obtain the spectral function of the evolution, which satisfies the relation
The solution of the above equation for F (s) is
.
(4 . 36)
The poles s = −i∆E = −i(E − − E + ) of the spectral function F (s) satisfy the eigenvalue equation for the energy splitting, 
Exact calculation
We now develop an exact formulation for the time evolution of a density matrix to express the energy splitting of the nearly degenerate ground states in the projected Liouville equation for the Hamiltonian H in Eq. (2·1). We use the following relations for the non-diagonal QLQ satisfied in the case that QHQ is diagonal:
The operators Q nm and Q mn appearing here are defined in Eqs. (4·15) and (4·16), and 
The solution of the above inhomogeneous linear equation for the operator e iLt P nn is
When the equations (4·43) and (4·44) are projected by the operator Tr|Ψ k Ψ k |, owing to the equations (4·38) and (4·39), the operator QL on the right-hand sides of these equations becomes a c-number, in contrast to the non-diagonal QLQ in Eq. (4·23). In Eq. (4·43), we have 
Now, exact solutions of the above inhomogeneous linear equations can be obtained with diagonal homogeneous kernels:
Substituting the above solutions into Eq. (4·45) projected by Tr|Ψ k Ψ k |, we obtain 
The Laplace transform of the above equation is 
Therefore, the solution of Eq. (4·54) for the spectral function is
} .
(4 . 58)
The pole s = −i∆E = −i(E − − E + ) of the spectral function F (s) satisfies the relation
which can be expressed for the energy splitting ∆E = E − − E + as
Expressing Ψ o and Ψ e in terms of Ψ (0) and Ψ (N ), as in Eqs. (4·30) and (4·31), we can show that the above relation is identical to the exact expression in Eq. (2·14) for the energy splitting of the two nearly degenerate ground states. Note that the spectral function in Eq. (4·58) is reduced to the form of a single pole, (4·60) is an exact expression of the energy splitting. It, however, requires exact eigenvalues E − and E + in the denominators to evaluate the splitting ∆E. In the case that E − and E + are nearly degenerate, an approximate value, given by the average of the two energy eigenvalues obtained in a perturbative calculation, for example, may be used to determine the energy splitting in Eq. (4·60). The two energy eigenvalues are nearly degenerate with a small splitting of N -th order in the interaction Hamiltonian H I in terms of the original microscopic Hamiltonian, 5) as to be shown in §6. Therefore, taking into account the fact that the numerators are already second order in H I and neglecting N -th order terms in the denominators, we replace the nearly degenerate ground state energies E + and E − by their average
in the denominators on the right-hand side of Eq. (4·60):
This equation yields an estimate of the slight energy splitting. Some numerical results using this equation are presented in §6. §5. Transition probability of collective tunneling
The transition probability of nuclear collective tunneling from an unperturbed state Ψ (0) to the degenerate counterpart Ψ (N ) at time t is expressed as
in terms of all the energy splittings E k − E k of the eigenstates Ψ k and Ψ k for the Hamiltonian H. The gross evolution of this collective tunneling transition is, however, determined by the two nearly degenerate nuclear ground states Ψ k with k = 0 and 1, expressed as Ψ ± in the previous sections. The other eigenstates play a role in determining the quantum fluctuations in the process of the collective tunneling transition. 5) As in the derivation of the energy splitting of the nearly degenerate ground states in the previous section, the time evolution Tr|Ψ k Ψ k |e iLt |Ψ (N ) Ψ (N )| in the above transition probability may be expressed as
to second order in H I , where higher orders are included in the energy eigenvalues E k and E k in the exponential functions. In the case that there are some pairs of nearly degenerate energy eigenstates, it is better to calculate the energy splittings themselves of these pairs in Eq. (5·1). For a pair of nearly degenerate energy eigenstates Ψ k and Ψ k with odd and even symmetry, respectively, with respect to the unperturbed components Ψ (0) and Ψ (N ), the Laplace transform of the above evolution equation leads to a spectral function for the evolution Tr|Ψ k Ψ k |e iLt |Ψ o Ψ e |, equivalent to Eq. (4·58). We obtain an expression for the energy splitting of the nearly degenerate eigenstates Ψ k and Ψ k that is like Eq. (4·60) for the nearly degenerate ground states.
The numerically calculated value of the tunneling transition probability P N (t) is given in a previous paper. 5) §6. Collective tunneling path
In § §2-5, we described the collective tunneling transition using a simple model Hamiltonian H with diagonal QHQ, which is a necessary condition for the Schrödinger equation to be analytically solvable. We, however, discussed that a diagonal QHQ does not necessarily imply a diagonal QLQ. For this reason, the fully projected Liouville evolution equation for the Hamiltonian H is not analytically solvable. We showed that a half-projected Liouville equation leads to an exact time evolution of the density matrix, which leads to an exact expression for the energy splitting of two nearly degenerate nuclear ground states. In this section, we define a tunneling path of collective coordinates for nuclear collective tunneling and demonstrate that the collective tunneling path sector of a microscopic Hamiltonian for collective tunneling can be transformed into the present solvable model Hamiltonian H with diagonal QHQ.
Let us consider the collective tunneling transition of a nuclear system of 2N valence nucleons occupying half a major shell. The nuclear system is assumed to have two nearly degenerate mean-field states and to make a collective tunneling transition from one mean-field state to the degenerate counterpart. A 28 Si nuclear system represents such a case. It has nearly degenerate prolate and oblate mean-field states. 6) We define a collective tunneling path in terms of particle-hole Slater states in a certain basis of single-particle states. The collective tunneling path sector of a microscopic Hamiltonian can be expressed as a tri-diagonal matrix in the Slater state basis. The matrix elements for the 0-particle 0-hole Slater component are placed on the first row and column of the Hamiltonian matrix. The obtained tridiagonal Hamiltonian matrix determines the collective path for the nuclear tunneling transition from the 0-particle 0-hole state to the 2N -particle 2N -hole state, through application of the most strongly coupled state selection principle of the thus defined collective tunneling path. We truncate the nucleon configuration space to cover only the selected collective tunneling path from the 0-particle 0-hole state to the 2N -particle 2N -hole state. We divide the truncated nucleon space into the P and Q spaces and then diagonalize the tri-diagonal Hamiltonian in the Q space to transform the collective tunneling path sector of the Hamiltonian into the present solvable model Hamiltonian with diagonal QHQ.
We now demonstrate the transformation procedure of a microscopic Hamiltonian for collective tunneling to a solvable model Hamiltonian and show how the obtained expression for the energy splitting in Eq. (4·62) is useful. As an example of a microscopic Hamiltonian, we consider the steering meson field description for nuclear collective tunneling from one Hartree minimum to another that we have developed in the previous papers. 5), 7) We start by briefly explaining the steering meson field description for nuclear collective tunneling, following Ref. 7) . We treat in the relativistic mean-field approximation a nuclear system of 2N valence nucleons that has two nearly degenerate metastable mean-field states. The two degenerate nuclear mean-field states are coupled to one another by the residual interactions, which, even if weak, steer the nuclear transition from one mean-field state Ψ i to the degenerate counterpart Ψ f . The two nuclear mean-field states Ψ i and Ψ f are specified by the meson mean fields. The meson fields, fluctuating quantum mechanically, provide the nucleons in the initial nuclear mean-field state Ψ i with the residual interactions that cause the nucleus to make the collective transition to the final nuclear state Ψ f . We show that the structure of the meson mean fields in the two nuclear mean-field states uniquely determines the Hamiltonian for the nuclear collective tunneling transition from the initial mean-field state Ψ i to the final state Ψ f . In this paper, for simplicity, we express explicitly only the σ-meson field φ( r, t). The ω-meson field may be expressed in the same way.
The meson field operator φ( r, t) is expressed as the stationary mean field ϕ i ( r) in the initial nuclear state Ψ i plus the quantum fluctuationsφ( r, t):
The quantum fluctuating meson field yields the residual interactions for nucleons in the initial nuclear state Ψ i .
In order to quantize the fluctuating meson field in terms of the basis fields necessary to steer the nuclear collective tunneling transition, we consider the difference between the two meson mean fields ϕ i ( r) and ϕ f ( r) in the initial and final nuclear states Ψ i and Ψ f ,
with the normalization factor N 1 . The difference field ϕ 1 ( r) contributes not only to reproduce the two nuclear mean-field states Ψ i and Ψ f but also to steer the nuclear transition from the initial state Ψ i to the final state Ψ f . Since some symmetries are generally broken in the two nuclear mean-field states Ψ i and Ψ f , the steering meson field ϕ 1 ( r) has a certain multipole property, depending on the two nuclear mean-field states. Let us assume that the intrinsic states of the two nuclear mean-field states are polarized along the z axis and that the steering meson field has polarity L:
In addition to ϕ 1 ( r), we must take into account the counter-components of polarity L, 
For a nuclear system of 2N valence nucleons occupying half a major shell, the microscopic field Hamiltonian for collective tunneling reads
is solved in the valence nucleon state sector by taking into account the steering meson field degree of freedom, ϕ 1 ( r). The residual interaction Hamiltonian recovers the rotational symmetry so that nuclear eigenstates Ψ k are of a definite angular momentum.
To this point, we have introduced a microscopic Hamiltonian for collective tunneling in the steering meson field description. We now define a tunneling path of collective coordinates for the nuclear transition from the 0-particle 0-hole state to the 2N -particle 2N -hole state by using projection operators. Here, we assume that the Hamiltonian in Eq. (6·10) is diagonalized in the basis of n-particle n-hole Slater statesΨ i (n) for i = 1, 2, · · · in the n-particle n-hole state space. Therefore, we write the Hamiltonian
(6 . 14)
The present expression for the particle-hole statesΨ i (n) includes the meson mean field, which is adiabatically determined in accordance with the nucleon configurations, as in Eq. (6·29) below. Using the projection operators onto the n-particle n-hole Slater state space,
we define the nuclear ground states Ψ ± projected onto P n space as P n Ψ ± for the above Hamiltonian, for which (6 . 16) and determine these projected states P n Ψ ± by a series of equations obtained from the above eigen-equation projected onto P n space:
The present interaction Hamiltonian H I couples nuclear states in P n space only with states in P n±2 space, so that the above equation leads to
for n ≥ 2. Here we ignore the P n H I P n+2 coupling term, because this term yields terms of higher order than the P n H I P n−2 term. The Hamiltonian H is diagonal in P n space, so that we obtain
where Ω n is a diagonal energy matrix of P n H P n , with the matrix elements for particle-hole energies ε ni in P n space. Therefore, the eigenstates Ψ ± projected onto P n space are expressed in terms of P n−2 Ψ ± as
This is the collective n-particle n-hole state most strongly coupled to the n − 2-particle n − 2-hole state P n−2 Ψ ± . Using this relation recursively, we obtain the collective 2n-particle 2n-hole state most strongly coupled to the 0-particle 0-hole state P 0 Ψ ± :
The above collective states are normalized as
with the normalization factor N 2n . In order to determine these collective states without solving the eigen-equation (6·16), we have replaced the nearly degenerate eigenenergies E ± for the nuclear ground states Ψ ± in the denominators in Eq. (6·21) by the unperturbed energy ε 0 for the 0-particle 0-hole stateΨ (0). We see that the two collective 2n-particle 2n-hole states, P c 2n Ψ ± for Ψ + and Ψ − in the above expression, are identical. Note that the projected states P n Ψ + and P n Ψ − are not orthogonal, but the orthogonality of the projected states P n Ψ ± is expressed by
(6 . 23)
The nuclear system undergoes a collective tunneling transition from the 0-particle 0-hole state to the 2N -particle 2N -hole state, moving step by step along the collective 2n-particle 2n-hole states P c 2n Ψ ± for n = 1, 2, · · · , N − 1. The hopping process along these collective 2n-particle 2n-hole states reflects the fact that the gross structure of the collective tunneling transition evolution is determined by the two ground states Ψ ± , which mainly contribute to the transition probability P N (t) in Eq. (5·1). This set of collective states is called a "collective tunneling path sector". We truncate the nucleon space to cover only the collective tunneling path and transform the collective tunneling path sector of the microscopic Hamiltonian into a tri-diagonal Hamiltonian matrix. The obtained tri-diagonal Hamiltonian can be transformed into the solvable model Hamiltonian in Eq. (2·1). The collective tunneling path sector of the microscopic Hamiltonian in Eq. (6·14) can be expressed as a tri-diagonal matrix: We now determine the collective tunneling path for the above Hamiltonian. The symmetric Hamiltonian yields the collective n-particle n-hole states
with the collective n-particle n-hole nucleon configuration
where n nucleons occupy the single-particle states ψ j with j = j > , and 2N − n nucleons occupy those with j < . The symbol P represents the permutation operator causing the nuclear configurations to be symmetrized. The Hamiltonian H 0 is diagonal with respect to nucleon configurations Ψ (n, 2N − n):
Therefore, the meson coherent state Φ(α) in the nuclear mean-field stateΨ (n) in Eq. (6·29) is adiabatically determined to be the lowest eigenstate of the Hamiltonian
with the adiabatically determined value of the meson mean field
We obtain the energy eigenvalue for the Hamiltonian H 0 as 10)
The above energy eigenvalues n are characterized by the two lowest-lying eigenstateš Ψ (0) andΨ (2N ), which are degenerate with unperturbed energy
and by the potential barrier due to the energies n of the unperturbed statesΨ (n) intermediate between the two lowest-lying unperturbed statesΨ (0) andΨ (2N ). The collective mean-field statesΨ (2n) with an even number 2n of particles and holes are coupled to each other by the residual interaction H I in Eq. (6·28). In the basis of the collective 2n-particle 2n-hole statesΨ (2n), the Hamiltonian H = H 0 +H I in Eq. (6·26) is expressed by the tri-diagonal matrix The diagonal elements arẽ (6 . 37) and the nondiagonal elements are
The above tri-diagonal Hamiltonian determines the collective tunneling path. The two lowest-lying unperturbed statesΨ (0) andΨ (2N ) are perturbed by the residual interaction H I . Their average perturbed energy is yields an approximate splitting ∆E = 1.53 × 10 −12 MeV, which is not as accurate as the second lowest order perturbation value ∆E = 1.27 × 10 −12 MeV. 5) (The correct value is ∆E = 1.29 × 10 −12 MeV. ) Substituting into E 0 in Eq. (4·62) the average value (E − + E + )/2 = −13.366 MeV of the energy eigenvalues E ± for the two nearly degenerate ground states calculated in the perturbative calculation, we obtain the value ∆E = 1.33 × 10 −12 MeV, which compares reasonably well with the correct value, 1.29 × 10 −12 MeV. In Fig. 1 , we display the energy splitting E − − E + calculated in Eq. (4·62) as a function of the approximate average E 0 . We see that the energy splitting E − − E + varies smoothly as a function of E 0 , so that the energy splitting is uniquely given by E 0 . §7. Discussion and conclusion Nuclear collective tunneling transitions must be formulated by taking into account the ability of all participating nucleons to change single-particle states. Therefore, it is necessary to develop an exact formulation for the transition. We have formulated nuclear collective tunneling using the projection operator method for a solvable model Hamiltonian. The model Hamiltonian is diagonal in both the P and Q spaces, and its Schrödinger equation is solvable. However, QLQ is not diagonal even for a Hamiltonian with a diagonal QHQ, so that the fully-projected Liouville equation for the Hamiltonian H is not analytically solvable. We have shown that the half-projected Liouville equation for Tr|Ψ + Ψ − |e iLt |Ψ o Ψ e | leads to an exact time evolution of the density matrix |Ψ o Ψ e |, which leads to an exact expression for the energy splitting of the two nearly degenerate nuclear ground states. The exact expression for the energy splitting obtained in Eq. (4·60) for the Hamiltonian H is in a form that is second order in the residual interaction H I , while higher orders are contained in the denominators of the energy eigenvalues E + and E − . The gross structure of collective tunneling evolution is determined by the nearly degenerate nuclear ground states, while the transition probability in Eq. (5·1) is expressed in terms of all the energy splittings of eigenstates Ψ k .
We have defined a collective tunneling path for a microscopic Hamiltonian. Projecting the nearly degenerate nuclear ground states onto the n-particle n-hole state space, we define collective n-particle n-hole states. The nuclear system undergoes a collective tunneling transition along the tunneling path through the thus defined collective 2n-particle 2n-hole states. It was shown that the collective tunneling path sector of the microscopic Hamiltonian can be transformed into the present solvable model Hamiltonian in Eq. (2·1). As an example, we demonstrated how the steering meson field Hamiltonian for collective tunneling is transformed to the present solvable model Hamiltonian. The collective tunneling path sector of the microscopic Hamiltonian for collective tunneling is expressed by a tri-diagonal Hamiltonian. Truncating the nucleon space to cover only the collective tunneling path from the 0-particle 0-hole mean-field state to the 2N -particle 2N -hole state, we diagonalized the tridiagonal Hamiltonian in the Q space to obtain the solvable model Hamiltonian. Although it is very cumbersome to diagonalize a Hamiltonian with nearly degenerate eigenvalues, the eigenstates in the Q space may not be as nearly degenerate as the two ground states, since unperturbed states in the Q space are coupled to each other in less than N -th order in H I given in Eq. (6·26).
The present method to solve the Liouville evolution equation may be useful in application to various problems. One of the interesting applications is to a complex energy problem in photo-emission and absorption processes. Carrying out the application to this problem is in progress. We will report the outcome in a future paper.
